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Energy-momentum in field theory is a vast subject which can be studied from dif- 
ferent viewpoints. The problem lies in the fact that the canonical energy-momentum 
tensor fails to be a true tensor, while the metric one is appropriate only to theories with 
a background geometry. In gravitation theories, an energy-momentum flow reduces to a 
superpotential depending on a world vector field as a gauge parameter. 

Analyzing the energy-momentum problem, we follow the general procedure of ob- 
taining differential conservation laws in gauge theory [1-6]. Let Y — > X be a fibre 
bundle over a world manifold X coordinated by (x x , y l ), where x x are coordinates on X. 
By gauge transformations are generally meant automorphisms of Y — > X fTj. To ob- 
tain differential conservation laws, it suffices to consider one-parameter groups of gauge 
transformations whose generators are projectable vector fields 

u = u»(x x )d lx + u i (x x ,y j )d i (1) 

on Y. If the Lie derivative L U L of a Lagrangian L vanishes, we have the weak conserva- 
tion law 

d x T x « (2) 
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of the corresponding symmetry flow T A along a vector field u. If u = u l di is a vertical 
vector field, (0) is a familiar Nother conservation law, where T A is a Nother current. 
This is the case of internal symmetries. If u is a horizontal prolongation on Y of a 
vector field r on X, called hereafter a world vector field, we have an energy-momentum 
conservation law 0, |8], Of course, different horizontal prolongations of vector fields r 
lead to different energy- momentum flows T A . 

Let us emphasize that the expression (|2|) is linear in the vector field u. Therefore, 
one can consider superposition of conservation laws along different vector fields. In 
particular, every vector field m (|| on 7 projected onto a world vector field r can be 
seen as the sum u = u T + v of a horizontal prolongation u T of r on Y and a vertical 
vector field vonY. It follows that every conservation law (fj) can be represented as 
a superposition of a Nother conservation law and an energy-momentum conservation 
law. Conversely, two horizontal prolongations u T and u' T of the same world vector field 
r differ from each other in a vertical vector field u' T — u T . Hence, the energy-momentum 
flows along u T and u' T differ from each other in a Nother current. One can not single out 
in a canonical way the Nother part of an energy-momentum flow. Therefore, if internal 
symmetries are broken, an energy-momentum flow is not conserved in general. 

In particular, a generic gravitational Lagrangian is invariant under general covariant 
transformations, but not under vertical gauge transformations of the general linear group 
GL{4, R). As a consequence, only the energy-momentum flow, corresponding to the 
canonical horizontal prolongation of vector fields r on X, i.e., the generators of general 
covariant transformations, is generally conserved in gravitation theory. This energy- 
momentum flow possesses the following two important peculiarities. 

(i) It reduces to a superpotential, i.e., 

T A « d^U^, = -U Xf *. (3) 

We will see that this is a common property of gauge conservation laws if a vector field u 
depends on the derivatives of gauge parameters. Indeed, the canonical prolongation f of a 
world vector field r = r x d\ depends on the derivatives <9 At T A of the components of r which 
play the role of gauge parameters of infinitesimal general covariant transformations. 

(ii) A gravitational superpotential (|3|) depends on the components r A of a world vector 
field r. This is also a common property of gauge conservation laws which make them 
gauge-covariant, i.e., form-invariant under gauge transformations. Only in the Abelian 
case of electromagnetic theory, an electric current is free from gauge parameters. 

A direct computation shows that General Relativity, Palatini formalism, metric-affine 
gravitation theory, and gauge gravitation theory in the presence of fermion fields lead 
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to the same gravitational superpotential. This is the generalized Komar superpotential 



= {a%k " afe) + ^ (4) 

where R^v and S u a a are the curvature and the torsion of a world connection K u a a , 
and D v is the corresponding covariant derivative. In the particular case of the Hilbert- 
Einstein Lagrangian L and a Levi-Civita connection K, the superpotential (Q) reduces 
to the familiar Komar superpotential. 

Throughout the paper, we follow the convention where the covariant derivative reads 

D u r a = d u r x - K u a ^. 



II. GAUGE CONSERVATION LAWS 

To obtain gauge conservation laws, we follow the first variational formula of Lagran- 
gian formalism. 

Given a gauge field system described by sections of a fibre bundle Y — > X, its space 
of fields and their first order partial derivatives is the finite-dimensional first order jet 
manifold J X Y of Y . Its elements are fields <fi identified by their values and the values of 
their first order derivatives at points of X (see, e.g., || for a detailed exposition). This 
space is provided with the adapted coordinates (x x , y\ y x ), where y\ are the derivative 
coordinates such that y\o<j) — d\<f> 1 . The transformation law of the derivative coordinates 
is 




dy n j dy H \ dx^ 



A Lagrangian L of a field system on a fibre bundle Y — > X is defined as a density 

L = L(x\y\y\)d A x 
on the space J Y . We will use the notation 

*t = %h 

u = d 4 x, u x = dx\u}, lu^x = d^ux. 

Let u be a projectable vector field ([I]) on a fibre bundle Y, treated as the generator 
of a one-parameter group of gauge transformations. Its prolongation on the space J X Y 
reads 

J l u = u x d x + u% + {dxu 1 - yid x u»)d x 
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where d x = d x + y\di denote the total derivatives. The first variational formula provides 
the canonical decomposition of the Lie derivative 

L u Loo = [d x u x L + (u x d x + u% + (dxu' - y^d x u»)d x )L]uj (5) 

of a Lagrangian L in accordance with the variational problem. This decomposition reads 

8 x u x L + [u x d x + u% + {d x u l - yld x u»)d x ]L = (6) 
(u l -yX)^L-d x T x , 

where 

5iL = {di - d x d x )L, d x = d x + yidi + y^dt (7) 
are the variational derivatives and 

T = T x cu x , T x = 7r x (u%-u i )-u x L, (8) 

is said to be a symmetry flow along the vector field u. 

It should be emphasized that the flow @ is defined modulo the terms 

where cf A are arbitrary skew-symmetric functions on 7 ||. Here, we leave aside these 
boundary terms which are independent of a Lagrangian, but they may be essential if 
one examines integral conservation laws. 
On the shell 

5iL = (di - d x d x )L = 

where solutions of the Euler-Lagrange equations live, the first variational formula (|6]) 
leads to the weak identity 

d x u x L + [u x d x + u% + (d x u l - yfau^L w (9) 
-d x [^(u%-v?)-u x L]. 

If the Lie derivative h u L (^) vanishes, i.e., the Lagrangian L is invariant under the 
corresponding one-parameter group of gauge transformations, the weak identity is 
brought into the weak conservation law 

On-d x [tf(u%-u*)-u x L], (10) 
of the flow T (^|) along the vector field u. 
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The weak identity (|10D leads to the differential conservation law 

d x T\<P) = 
on solutions <fi of the Euler-Lagrange equations 

6iL((f>) = 0. 

This differential conservation law implies the integral conservation law 

|t a (0V a = o, (li) 

dM 

where M is a compact 4-dimensional sub-manifold of X with a boundary dM. 

We will see that, in gauge and gravitation models, a conserved flow takes the special 
form 

T X = W X + d^ x (12) 

where the term W is expressed in the variational derivatives (|?|), i.e., W ~ 0, and T 
on-shell reduces to a superpotential U^ x (0). In this case, the integral conservation law 
(|TT|) becomes tautological, but the superpotential form ( |12"D of T implies the following 
integral relation 

J T A (0V A = J ^ a (0Ka, (13) 

N 3 dN3 

where N 3 is a compact oriented 3-dimensional submanifold of X with the boundary <9iV 3 
and is a solution of the Euler-Lagrange equations. One can think of this relation as 
being a part of the Euler-Lagrange equations written in an integral form. 

III. NOTHER CONSERVATIONS LAWS 

Here, we touch on briefly the well-known Nother conservation laws in gauge theory of 
internal symmetries in order to emphasize some common properties of gauge conservation 
laws. 

Let P — > X be a principal bundle with a structure Lie group G. The corresponding 
gauge model is formulated on the bundle product 

Y = E x C (14) 

of a P-associated vector bundle E of matter fields and the bundle C = J x PjG — > X 
whose sections A are principal connections on the principal bundle P. The bundle C 
is equipped with the coordinates (x x , a™) such that a™ o A = A™ are gauge potentials. 
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The bundle Y ([L4]) is coordinated by (x x , y\ a™). Let us consider a one-parameter group 
of vertical automorphisms of the principal bundle P. They yield the corresponding 
one-parameter group of gauge transformations of the product (|I4]) . Its generator is the 
vertical vector field 

where c r qp are structure constants of the group G, R are generators of this group on the 
typical fibre of Y — > X, and £ p (x A ) are gauge parameters, transformed by the coadjoint 
representation H |9], |10| . Let us use the compact notation 

£ = «^£ p + <OdA, (15) 
u^d A = 5 r p d?, ufd A = c^affi + P p d t . 

If a Lagrangian L is gauge invariant, the first variational formula (^) leads to the 
strong equality 

= (u^p + u ^d^)5 A L + d x [(ufe + u^d^)*% (16) 

where 5 A L are the variational derivatives of L and 

d x = d x + a%d; + y\d t . 

Due to the arbitrariness of gauge parameters £ p (x A ), this equality is equivalent to the 
following system of strong equalities: 

u$6 A L + d^u^ A ) = 0, (17a) 
u^SaL + + u$t? a = 0, (17b) 

<M + <M = 0. (17c) 

Substituting ( |17b| ) and ( |1 7c| ) in ( |17aj ), we obtain the well-known constraint conditions 

up A L - d„(u^8 A L) = 

of the variational derivatives of a gauge invariant Lagrangian. 

On-shell, the first variational formula fllCf ) leads to the weak conservation law 



7 s 1 P 

of the Nother current 



o^d x [(vfe+vf i d lt e)^\ (is) 

T A = -«e + <^0^. (19) 
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Accordingly, the equalities (|1 7a|) - (|17cj) on-shell lead to the equivalent system of Nother 
identities 



« 0, (20a) 
d\(Up^) + Up-n'X « 0, (20b) 
<M + = (20c) 



for a gauge invariant Lagrangian L ||. They are equivalent to the weak equality (]T 
due to the arbitrariness of the gauge parameters £ p (x x ). 



The weak identities ( [20a| ) - (20c) play the role of the necessary and sufficient condi- 



tions in order that the weak conservation law (IB) be gauge-covariant. This means that 



if the equality (|18D takes place for gauge parameters £, it does so for arbitrary deviations 
£ + 5£ of £. Then the conservation law fll8|) is form- invariant under gauge transforma- 
tions, when gauge parameters are transformed by the coadjoint representation. 

The equalities fl20a|) - (|20cj ) are not independent, for ( |20a| ) is a consequence of ( |20b|) 



and ( |20c| ). This reflects the fact that, in accordance with the strong equalities ( |17b| ) and 
( |17c|) , the Nother current (|19"D is brought into the superpotential form 

T A = erf X 5 A L + U» x = -i p u^Tt\, (21) 

where the superpotential does not depend on matter fields. It is readily observed 
that the superpotential form of the Nother current ([191) is caused by the fact that the 
vector fields (]T3j) depend on derivatives of gauge parameters. 

On solutions of the Euler-Lagrange equations, we have the corresponding integral 
relation (|T5|), which reads 

T x (<j>)u x = J £X A (^Ka- (22) 

N 3 dN 3 



Since the Nother superpotential fl2l|) does not contain matter fields, one can think of 
(E3) as being the integral relation between the Nother current ( |T9"D and the gauge field 
generated by this current. Due to the presence of gauge parameters, the relation ( p2|) is 
gauge covariant. 

In electromagnetic theory, the similar relation between an electric current and the 
electromagnetic field generated by this current is well known, but it is free from gauge 
parameters due to the peculiarity of Abelian gauge models. Let us consider electromag- 
netic theory, where G = U(l) and P(y) = iy-*. In this case, a gauge parameter £ is not 
changed under gauge transformations. Therefore, one can put, e.g., £ = 1. Then the 
Nother current (|19|) takes the form 



T = -uV 
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Since the group G is Abelian, this current does not depend on gauge potentials and it 
is invariant under gauge transformations. We have 



T A = -V'tt*. (23) 

It is easy to see that T under the sign change, is the familiar electric current 

of matter fields, while the Nother conservation law (|T8| ) is precisely the equation of 
continuity. The corresponding integral equation of continuity ([TTJ) reads 

(^ A )(0V A = o. 

dM 

Though the Nother current T ( p3|) takes the superpotential form 

T A = -5 X L + d^U^, 

the equation of continuity is not tautological. This equation is independent of an elec- 
tromagnetic field generated by the electric current (^) and it is therefore treated as 
the strong conservation law of an electric charge. When £ = 1, the electromagnetic 
superpotential takes the form 

= 

4:71 

where F is the electromagnetic strength. Accordingly, the integral equality ( p2]) is the 
integral form of the Maxwell equations. In particular, the well-known relation between 
the flux of an electric field through a closed surface and the total electric charge inside 
this surface is restated. 



IV. ENERGY-MOMENTUM IN GRAVITATION THEORIES 

From now on by a world manifold X is meant a 4-dimensional orientable noncompact 
parallelizable manifold. As a consequence, it admits a pseudo-Riemannian metric and a 
spin structure. Accordingly, a linear connection and a fibre metric on the tangent and 
cotangent bundles TX and T*X of X are said to be a world connection and a world 
metric, respectively. 

Gravitation theories are formulated on natural bundles Y — > X, e.g., tensor bundles 
which admit the canonical horizontal prolongations of any vector field r on X. These 
prolongations are the generators of general covariant transformations, where the com- 
ponents of a vector field r play the role of gauge parameters. By the reason we have 
explained above, we will investigate the energy-momentum conservation laws associated 
with these prolongations. 



S 



A. Tensor fields 



We start from tensor fields which clearly illustrate the main peculiarities of energy- 
momentum conservation laws on natural bundles. Let 

m k 

Y = {®TX)®{®T*X) (24) 

be a tensor bundle equipped with the holonomic coordinates (x x , £]gj '"!<£")• 
Given a vector field r = r x d\, we have its canonical prolongation 

f = r'd, + [d u r«%^ + ■■■- d^3%£& ~ ■ ■ -l^J^r (25) 



on the tensor bundle ( ^4|) and, in particular, its prolongations 



f = T »d ll , + d u T a x^ (26) 

on the tangent bundle TX and 

d 

f = - dfsT U X u —- 

OX /3 

on the cotangent bundle T*X. 

Of course, one can consider the horizontal prolongation 

r K = T X (d x + K/ a x a ^) (27) 

of a world vector field r on TX and tensor bundles by means of any world connection 
K. This is the generator of a 1-parameter group of nonholonomic automorphisms of 
these bundles. These automorphisms are met with in gauge theory of the general linear 
group GL(A, R) 0, but a generic gravitational Lagrangian is not invariant under these 
transformations. Note that the prolongations ([26|) and (^) were treated as generators 
of the gauge group of translations in the pioneer gauge gravitation models (see [|TT|, 
for a survey). 

Let us use the compact notation y A = Xpl'.'.'.pr such that the canonical prolongation 
r (|25p reads 

f = r x d x + u A id P T a d A . (28) 

This expression is the general form of the canonical prolongation of a world vector field 
r on a natural bundle Y, when this prolongation depends only on the first order partial 
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derivatives of the components of r. Therefore, the results obtained below for tensor 
fields are also true for every such natural bundle Y. 

Let a Lagrangian L of tensor fields be invariant under general covariant transforma- 
tions, i.e., its Lie derivative (|5|) vanishes for any world vector field r. Then we have the 
strong equality 

d a (r a L) + u A id p r a d A L + d^u A id p r a )^ A - y A d p r a ^ A = 0. (29) 
The corresponding weak identity (|T0|) takes the form 

» -d x [n x A (y A r a - u A %r a ) - r x L]. (30) 



Due to the arbitrariness of the gauge parameters r a , the equality (|29| ) is equivalent to 
the system of strong equalities 

d\L = 0, (31a) 
€L + u A i5 A L + d„(u A M) = l/M, (31b) 
+ ^>a = 0, (31c) 

where 5 A L are the variational derivatives. 

Substituting the relations ( |31b| ) and (|31cD in (|30|), we obtain the energy- momentum 
conservation law 

« -rf A [^^Lr a + ^( M ^<r Q )]. (32) 

A glance at this expression shows that, on-shell, the corresponding energy- momentum 
flow reduces to a superpotential, i.e., 

T A = T a u AX J A L + c^ A , = w AA <r Q . (33) 



It is readily seen that the energy-momentum superpotential (|33| ) emerges from the de- 
pendence of the canonical prolongation f (p8|) on the derivatives of the components of 
the vector field r. This dependence guarantees that the energy-momentum conservation 
law ([32]) is maintained under general covariant transformations. 

B. General Relativity 

A pseudo-Riemannian metric g on a world manifold X is represented by a section of 
the quotient 

S = LXfO(l, 3) — > A, (34) 

where LA is the bundle of linear frames in the tangent spaces to A. It is called the 
metric bundle. The linear frame bundle LA is a principal bundle with the structure 
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group GL(A, R). For the sake of simplicity, we will identify the metric bundle with a 
sub-bundle of the tensor bundle 

SCVTI, (35) 

coordinated by (x x ,g fJ-u ). In General Relativity, it is more convenient to consider the 
metric bundle sub-bundle of the tensor bundle 

EcVfl (36) 

equipped with the coordinates (x x ,g^ u ). 

The second order Hilbert-Enstein Lagrangian Lhe of General Relativity is defined 
on the second order jet manifold J 2 E of £ coordinated by (x x , g a p, g\ a /3, g^Xap)- It reads 

Lhe = -^-g^g^R^V^guj, g = det(^), (37) 

where 

{^%} = —-^g 01 (gvpn + 9fipu — gpfiv)- 

Let t be a vector field on X and 

r = r x d x - (g uP d a T» + 9oiv dpT v )d afi (38) 

its canonical prolongation fl25|) on the metric bundle £ fl3~6"|). Since the Lagrangian 
Lhe (0) * s mvar i an t under general covariant transformations, its Lie derivative along 
the vector field f (^) vanishes. Then the first variational formula for second order 
Lagrangians |, HI leads to the energy-momentum conservation law 

« -d x {2g^5 aX L HE + d^rr g {g x »V v r» - ^V,r A )]}, 

A glance at this conservation law shows that, on-shell, the energy-momentum flow re- 
duces to the well-known Komar superpotential fL4| : 



UtlX = YJ 1 9 '^ V ^ - 9^»T X ). (39) 
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C. Metric-affine gravitation theory 

In metric-affine gravitation theory, gravity is described by a pseudo-Riemannian met- 
ric g and a world connection K on X. Since world connections are associated with prin- 
cipal connections on the linear frame bundle LX, there is one-to-one correspondence 
between the world connections and the sections of the quotient 

C K = J l LX/GL(A, R) -> X. (40) 

This bundle is provided with the coordinates (x x ,k\ u a ) so that, for any section K of 
Ck — > X, 

k x \ o K = K x \ 

are the coefficients of the world connection K. The bundle Ck POP admits the canonical 
horizontal prolongation 



t k = r"0„ + [d^k^p - d P T v k« u - d^k v a p + 9^]-^- (41) 

OK/j, p 

of vector fields r on X. We will use the compact notation 

tk = r x d x + {u^d^ + u A ^d £a r^d A , 

where 

y A = k«p, (42) 

Metric-affine gravitation theory is formulated on the bundle product 

Y = E x (43) 

coordinated by (x A , k^ a p), where E is the sub-bundle (j35l) . The corresponding space 
J X Y is equipped with the coordinates 

,g ,Kfj,p,gx , i^Xfi p)- 

We will assume that a metric-affine Lagrangian Lma factorizes through the curvature 

R\^ a p = k Xfl a p — k^ x a p + kfj, a £ k x 6 p — k x a e kffp, 
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and does not depend on the derivative coordinates g\ af3 of a world metric. Then the 
following relations take place: 

7T A */ = -7T"V, (44) 



9L MA Xv 



dk u a p 

We also have the equalities 



7T 



a k x P „ - n x »/k x \. (45) 



Given a vector field r on a world manifold X, its canonical prolongation on the 
product ([43|) reads 

r = r x d x + (^r a + g av d v r p )d a p + 
( M A ^r Q + M A ^r Q )^. 

Let a metric-affine Lagrangian Lma be invariant under general covariant transforma- 
tions, i.e., 

I*fL MA = (46) 

for any world vector field r. Then, on-shell, the first variational formula (§) leads to the 
weak conservation law 

« -d A [4(^r Q - i^fyr* - u A f «9 £/3 r") - r A L MA ] (47) 

where 

T X = ^\{vir a - u A %r a - u A fd £( ,r a ) - r A L MA (48) 

is the energy-momentum flow of the metric-affine gravity. 

It is readily observed that, in the local gauge where the vector field r is constant, 
the energy-momentum flow fl4~8"D leads to the canonical energy-momentum tensor 

T x = (ttV^/A - 5 x L MA )r a . 

This tensor was suggested in order to describe the energy-momentum complex in the 
Palatini model [13]. 

Due to the arbitrariness of the gauge parameters r A , the equality (|6|) is equivalent 
to the system of strong equalities 

d x L = 0, 

S^L MA + 2g^5 at ,L MA + u A i5 A L MA + ^(tt> a ^) - y A ^ A = 0, (49) 

{u Ae °d A + u A ^ A )L M Ad as ^ = 0, (50) 

7r (A£ 7 CT) = 0, (51) 
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where S^Lma and 5 a Lma are the corresponding variational derivatives. It is readily 
observed that the equality fl5Dp holds owing to the relation (pE5|), while the equality ( CT ) 
does due to the relation ([44]). 

Substituting the term 2/^71^ from the expression (EDf) in the energy-momentum con- 



servation law (0), we bring this conservation law into the form 



(52) 



After separating the variational derivatives, the energy-momentum conservation law (|5 
of the metric-affine gravity takes the superpotential form 



« -d x [2g^r a 6^L MA + {k^^JLuA ~ kf J\ X L MA - k a %6 x ^L MA )r a + 
8 x a »L MA dy - d^ a x L MA )r a + d>" A /(9/ - k a a v T°))l 

where the energy-momentum flow on-shell reduces to the generalized Komar superpo- 
tential 



(53) 



that we have written in the form 
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In particular, let us consider the Hilbert-Einstein Lagrangian density 



^HE 



R = g Xv R 



Act v i 



in the framework of metric-affine gravitation theory. Then the generalized Komar super- 
potential (|]) comes to the Komar superpotential (^) if we substitute the Levi-Civita 
connection k v a a = { u a cr}- One may generalize this example by considering the Lagran- 
gian 

L = f{R)y/=ju, 

where f(R) is a polynomial of the scalar curvature R. In the case of a symmetric 
connection, we restate the superpotential 



U" x 



dR 



g{g Xv D v T» -g^Dy 



of the Palatini model []T7| as like as the superpotential in the recent work |L8| where 
Lagrangians of the Palatini model factorize through the product R a,3 R a p. 



D. Gauge gravitation theory 
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Turning to the energy-momentum conservation law in gauge gravitation theory, we 
meet with the problem that spinor bundles over a world manifold do not admit general 
covariant transformations. This difficulty can be overcome as follows || HJ. The linear 
frame bundle LX is the principal bundle LX — > E over the metric bundle E Q53| ) whose 
structure group is the Lorentz group. Let us consider a spinor bundle S — > E associated 
with the Lorentz bundle LX — > E. For each gravitational field g, the restriction of this 
spinor bundle to g(X) C E is isomorphic to the spinor bundle S 9 — > X whose sections 
describe Dirac fermion fields in the presence of a gravitational field g. Moreover, the 
spinor bundle S — > E can be provided with the Dirac operator and the Dirac Lagrangian 
whose restrictions to g(X) are the familiar Dirac operator and Dirac Lagrangian of 
fermion fields in the presence of a background gravitational field g. It follows that 
sections of the fibre bundle S — > X describe the total system of fermion and gravitational 
fields on a world manifold X. At the same time, the fibre bundle S — > X is not a 
spinor bundle, and it inherits general covariant transformations of the frame bundle 
LX. The corresponding horizontal prolongation on S of world vector fields on X can be 
constructed. 

As a consequence, gauge gravitation theory of metric gravitational fields, world con- 
nections and Dirac fermion fields can be formulated on the the bundle product 

Y = C K x S, (54) 
coordinated by h%, k^p, ip ), where h% are tetrad coordinates on E, i.e., 

= h%h" b 7] ab 

where 77 is the Minkowski metric. The corresponding space J l Y is provided with the 
adapted coordinates 

The total Lagrangian on this space is the sum 

L = L MA + L D (55) 
of the metric-affine Lagrangian Lma i n the previous Section and the Dirac Lagrangian 

l d = {^J[^(7V) a b« - \(v kb K - v ka K)(K k - KW u )L ab B c ^ c ) - 
to - \(v kb K - v ka KW Xk - KW u )^l+ c a )(^)\^] - 
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Note that, in fact, the Dirac Lagrangian Ln depends only on the torsion k\^ v — k y ^\ 
of a world connection, while the pseudo-Riemannian part is given by the derivative 
coordinates h^ k . 

Given a vector field r on a world manifold X, its horizontal prolongation on the 
product (Q) is 

Ty = f + V , (56) 

v = \Qt{ri kh K ~ V k %)[-L ab d c h^ + L ab A B ^ B d A + L+ A B ^d B ], 

where fx is the vector field fl¥ip , L ab d c are generators of the Lorentz group in the 
Minkowski space, and the terms Q^. obey the condition 



(see 0, [19| for a detailed exposition). The horizontal part f of the vector field ( |56"D is 
the generator of a one-parameter group of general covariant transformations of the fibre 
bundle (0), whereas the vertical one v is the generator of a one-parameter group of 
vertical Lorentz automorphisms of the spinor bundle S — > E. By construction, the total 
Lagrangian L fl5"5]) obeys the relations 

L V L D = 0. (57) 
L~L MA = 0, L 7 L D = 0. (58) 

The relation flo*7j ) results in the Nother conservation law, while the equalities Q58D lead 
to the energy- momentum one 0, H|. 

Using the compact notation (ff2p, let us rewrite the horizontal part r of the vector 
field fl56|) in the form 

f = r»d„ + d^K-^jr + (u A %r a + u A fd £ pr a )d A . 



Due to the arbitrariness of the functions r a , the conditions ( 58| ) lead to the strong 
equalities 

8iL MA + 2h^S ait L MA + u A i5 A L MA + d^ A u Ap a ) = y^ A L MA , (59) 

€Ld + y/=ff1& + — X + d A L D uf = (60) 



dLn , „ dL D , A dL 
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where 



dLp 



is the metric energy-momentum tensor of fermion fields. We also have the relations (f44|) , 
(f45[) and 

dLp dLp = dL D 

The corresponding energy-momentum conservation law reads 

« -d x [d x L MA (y A r a - u A %r a - u A ^d eP r a ) - (62) 

.AaP 



Substituting the term y^d A LuA from ( (59| ) and the term 

from (|60|) in (|6^ ), we bring this conservation law into the superpotential form 

« -d> p^r^L + (fc M WL - k°J\ x L - k a a y 5 x ^L)r a + (63) 
5 x a ^Ld lx r a - d M (^ A L)r Q + d„(7r"V(d„T a - k a a v r a ))\ - 

By virtue of the relations (|BT]), the last term in the expression (|6"3| ) vanishes, i.e., fermion 
fields do not contribute to the superpotential. It follows that the energy-momentum 
conservation law ( p2] ) of gauge gravitation theory takes the superpotential form flT2"|), 
where U^ x is the generalized Komar superpotential (p3|). 



V. CONCLUSIONS 

The above energy-momentum conservation laws in gravitation theories are derived 
from the condition of invariance of gravitational Lagrangians under general covariant 
transformations. We have shown that they possess the generic properties of gauge con- 
servation laws. Since the generators of general covariant transformations depend on 
the derivatives of gauge parameters, i.e., components of a world vector field r, the 
corresponding energy-momentum flow T x takes the superpotential form. As in electro- 
magnetic theory, one can write the integral relation ( |l3l) on-shell between the energy- 
momentum flow T x and the gravitational superpotential U^ x . The examples of fermion 
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fields and Proca fields show that the superpotential U^ x does not depend on matter 
fields. Then, by analogy with electromagnetic and gauge theories, one can think of flT3| ) 
as being the relation between the energy-momentum flow T A in a compact 3-dimensional 
manifold N <Z X and the flux of a gravitational field generated by this flow through 
the boundary dN . 

The peculiarity of gravitation theory as like as any non-Abelian gauge theory lies in 
the fact that the integral relation ( p2| ) depends on a gauge parameter. In the case of 
general covariant transformations, this gauge parameter is a world vector field r whose 
canonical prolongation on a natural bundle is the generator of general covariant trans- 
formations. As a consequence, the energy-momentum conservation law in gravitation 
theories as like as in mechanics [2(| depends on a reference frame, but it is form-invariant 
under general covariant transformations. In particular, with respect to the local gauge 
t =const., the energy-momentum flow in the conservation law (|62|) is the canonical 
energy-momentum tensor. 

A direct computation also shows that, for a number of gravitation models, the gen- 
eralized Komar superpotential (^) appears to be an energy-momentum superpotential 
associated with gauge invariance under general covariant transformations. 
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